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1. Introduction

We assume that an observed trajectory x(t), 0 < t < T, is an
element of the ensemble of trajectories or an element of function
space in the construction of statistical mathematical model. If x(-)
is assumed to be continuous, then this space can be considered
a set C(0; T), which are continuous functions in (0; T). In other
words,

x(t) = PX())(), (1)
where X(s) is a realization of some random process &(s) with
known characteristics, ® is a reversible conversion in C(0; T).
(@, &) is called a model of observed data. Process &(t) is basic in
model for x(t). For discrete observation x1, ..., x, (time series), and
in assumption about automodeling £(t),

xk=d>(X(-))<1I;), k=1,...,n; ® : R" > R".

For the highly oscillating trajectory x(t), basic process &(t) with un-
limited variation is selected. In particular, £(t) = oBy(t), where
By(t) is a fractional Brownian motion (fBm), which was first in-
troduced by B. Mandelbrot in [16,17] and is defined as a Gaussian
random process with zero mean and covariance function:

R(t,s) = EBy(t)By(s) = %(tZH +2H _t—sP"), 0<H<1.
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The n-dimensional density distribution of fractional Brownian
motion looks as follows:

1 ‘
P(t1, ..t X1, ... X)) = cexp{—i er"xjxk} . Tik= R(tj, tk).

Parameter H € (0; 1) is called the Hurst exponent of fBm, and
the transformation ®~! consists of actions that transform fBm re-
alization of the observed trajectory. Using of fractional Brownian
motion as a basic process £(t) in the model (1) is justified by non-
markovian By(t). A lot of trajectories of fractional Brownian motion
has a statistical fractional dimension is equal to

H—l .

fractional dimension of each trajectory
X(t)

is equal

2—-H

Fractional Brownian motion can be represented as a stochastic in-
tegral by Wiener process

Wi(t):

Bu(0) = cu f: (€ =97 = (-9)a)dw(s)) + [O (- $7dw(s) ).

where

1
—H-;
o R
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is normalizing constant. The relationship has been proven in
[2] with using reducible representation:

dalphay
Bu(t) == Ww(t) +& ().
where
dalphay
dtalpha

is fractional derivative Riemann-Liouville,

(1)

is a process with limited variation. The generalization of this
derivative has been proposed in [31].The solotions of self-
oscillation equations are described in [32,33] and Korteweg-de
Vries with fractional derivatives. The first motivation for studies
of this process and its applications are considered in [3,18,19]. The
results of studies of the properties of fractional Brownian motion
and its application in models of natural and economic processes
are covered in [4,5,13-15,27-29]. Let’s note the reviews [20,26]. Re-
search statistics of fractional Brownian motion are quoted below.

Let’s choose the model of fractional Brownian motion for ob-
served time series Xq,...,Xn:

X = <I>(<oBH)>(’r‘l> , @

and transformation @ is defined. Let’s calculate Hurst exponent of
observed time series as H of the basic process By(t). Note that this
value depends on transformation &. The criteria for adequacy of
the representation (2) are shown in [3]. From empirical considera-
tions follows that the model (2) is suitable for describing the ran-
dom time data and apriority isn’t satisfactory for the approxima-
tion of deterministic chaotic sequences. As a rule, the deterministic
and stochastic components can be present in observed data.

In present work, a new method of estimation parameters o and
H is justified, and the quality of the forecast is investigated for the
observed realization of fractional Brownian motion x; = aBH(ﬁ).
For the real time series, a model is proposed, which uses frac-
tional Brownian motion as a basic process. The criteria of ade-
quacy of this model are developed and short-term forecasting is
constructed.

2. Statistics of fractional Brownian meotion
2.1. Estimation of parameters
Let's consider the increments & = o (By(%) — By (%51)). which

form the Gaussian stationary sequence with zero mean and the

. . o .
correlation matrix V = —=5, and elements sy of the matrix that
n
look as follows:

1 . . .
sie=p (&) &) = 5 (k= + 1"+ k=i = 1" = 2[k — j*) .
(3)

In particular, the coefficient of correlation between neighbor in-
crements is

p(‘é’:ks Skﬂ) =01 = 22H71 1.

The limit theorems for sequence &, ..
Peltier [30]: for statistics

., &n were first proved by

ol 210 ()

En(j) :ERjn = WT >

1< P
Rjn:EZ|‘§k|]’ jeN,
P

with probability 1 ;2%

From the last equation, consistency estimates of parameters H
and o follow:

n(VZg)
Inn

-1, n— oo

, with known o,

61p = ntl/ %rRm =1.25n""Ry,, , with known H. (4)

Let’s propose new estimation method of fractional Brownian
motion, by observed data xq,..., Xn, two unknown parameters o,
H.

Let’s assume:

¥Y1....,yn are the increments ; y, =X, — X¢_1 »
08 [(57'y.y)
QH) = gy

where matrix S = Sy is defined by (3), y is a vector of increments.
Statement. Statistic

A =argmin|Q(H) — 1| (5)

is a consistent estimator of the parameter H.
Proof. ¢ is the canonical Gaussian vector with the following char-
acteristics:

Ee =0, E(e,u)(e,v)=(u,v), dime=n.

Then, y = V%s, therefore

n2H
n=E(. &) =E(Vyy) = F]E(S’]y, y).
And consequently the statistic

63 =m* (s ly.y).

and here statistic (n)ZH’l(S”y, y) is an unbiased estimate of the
parameter o 2. The dispersion of estimate

Oon = \/n2H-1(S71y,y) . (6)

is calculated using the formula of integration by parts (|6, p. 206]).
From (4) and (6), it follows that

6 _ 08 [7.Y)
61n B Rln n

=QH),

and consistency of estimates means that lim, Q(H) = 1, where H
is a Hurst exponent of observed fractional Brownian motion. O

The implementation of the corresponding algorithm is to
choose such a value of argument H in Q(H), where |Q(H) — 1| —
min.

The efficiency of the algorithm is confirmed by numerical ex-
periment. The statistical values are shown in Table 1.

08 /(52 2)
qkj = RTn I
where z; is a generated vector of increments fBm with Hurst expo-
nent Hy, S; is the normalized correlation matrix, corresponding to
the index fBm with Hurst exponent H;. For every Hj, values gy; are
calculated with the selection of parameter H; with step AH; =0.1.
Generation z; is performed with the following parameters:

n=200;n=1000;H,=0.1,0.3;0.7;0.9 .

Analysis of data in Table 1 shows that, for each H, (in the fixed
line),

|qx — 1| — min , if H; = Hy, so H, = H; .
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Table 1
Efficiency of evaluation method.
H
Hy, 0.1 0.2 0.3 0.4 0.6 0.7 0.8 09
0.1 n =200 1.004 095 093 091 1.1 1.21 145 2.03
n=1000 1.002 095 093 091 1.10 122 147 2.06
03 n=200 1.29 1.07 098 095 1.07 116 138 192
n=1000 1.28 107 099 094 1.08 117 140 194
0.7 n=200 4.06 225 152 118 094 097 109 144
n=1000 7.04 319 179 122 092 098 108 143
09 n=200 7.67 388 226 143 072 074 075 097
n=1000 9.10 413 224 140 077 078 083 1.07

Note: In the works of ].-F. Coeurjolly [10-12], supplemented by
the work [1], another method of estimating Hurst exponent is jus-
tified, embedded in Package dvfBm (https://cran.r-project.org/web/
packages/dvfBm/dvfBm.pdf). Let’s denote by H; an estimate of the
proposed method in this paper and by H, an estimate by J.-F.
Coeurjolly. The comparison of these estimates shows that their de-
viation is not more than 5%.

2.2. Forecast of fractional Brownian motion

Let’s observe the trajectory of a random process x(t), 0 <t < T.
The random value X (T + 7) is called an optimal forecast of process
in point T + 7, if

ERT+7)-X(T+1)) = mnE(E - X(T + ).

The optimal forecast is defined by the formula of conditional
mean:

X(T+1)=EXT+T1)|X(t), 0<t=<T). (7)

In some cases, (7) assumes an explicit expression. Let’s consider
Gaussian random vector & = (&1,...,&n), € = (n,0);, dimn =m,
dimo =n—-m, £ ~ R(0; S), n ~ R(0; A), £ ~ R(0; D), so corre-
lation operator of vector £ is a block matrix

A B
Sz[c Di|’

where matrix elements represent the cross-correlation of coor-
dinates n and o. If n is observed and o is estimated vector,
then optimal forecast coincides with the linear estimation, and the
Eq. (7) takes the following form:

6 =E(o|n=CA"n,

or in the coordinate form:

m

m
Emij = Zzsmﬂ,kak}‘gi . J=1

k=1 i=1

,n—m.

(8)

For one-step extrapolation, m =n—1, B is a vector, convector
C =BT, D=FE&?, and mean-square absolute error of forecast § is
defined by the following formula:

8% =E(:— &)’ =D— (A'B.B),

and 8§DP%5 is an error.
We can construct the forecast of fBm for its increments

k k-1
§k=}’k=BH<n> _BH( n ) ,

as well as for the values of fractional Brownian motion: &, =
I
B ().

In the first case, the elements of the matrix S are defined by
(3), and formula (8) takes the following form:

R A kD e (mj—k—1)2H ) ;
ymﬂ':ZZ(( J ) (m+j ) —(m+j—k)H aklyi’

‘ 2
k=1i=1
R

r=m-n.
9)

The elements s of correlation matrix S in extrapolating the
values of fractional Brownian motion are defined by the following
equation:

sje=0.5(2 + k2 — (k- ™) . (10)

The numerical experiment was performed with the simulated
data for determining the quality of forecast. Forecast was con-
structed for 8 steps by the learning sample.

The results of forecast {y,} by the formula (9) are not satisfac-
Imij=Ymyj
Ym+j

1.2, and doesn’t depend on the size of the learning sample.

The calculation of forecasting values %, ; by formula (8) with
the matrix defined by Eq. (10) leads to the following expected re-
sult. The forecast of antipersistent process (H < 0.5) is not satisfac-
tory, the error of forecast does not depend on the size of the learn-
ing sample. The quality of forecast improves with increasing m for
the persistent process. Appropriate data are given in Table 2, which

shows the values of the relative error 8]- = paseal B j=1,...,8,
m+j
for H=0.3, H=0.7, H=0.9, m =100, m = 500, m = 1000.

tory: the absolute error §; = , j=1,...,8, equals 0.8-

Xmtj=Xm+j

3. Limit theorems and applications

Let B(t), 0 < t < 1 be a fractional Brownian motion with Hurst
exponent H. Let's consider the normalized increments

gk:n”<3<’;> —B(k;1>> ~R(0: 1).

In the series of papers [8,9,21-25], some limit theorems for the
functions of these increments were proven. Let’s denote

k k-1
o = nHB<n) = ZE} .
j=1
There is a mean-square convergence:
T .3 3 1
E;aksk —)—E, HE(O, i),

1 903 1
WZ%S’( —3n, He (0? §>’

where

1
" NN(O’ 2H+2>’
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Table 2
The values of relative error.

H 1 2 3

4 5 6 7 8

03 m=100 0.67 0.71 0.45
m =500 0.25 0.16 0.06
m=1000 0.04 0.12 0.16

0.7 m=100 0.02 0.08 0.17

m =500 0.015 0.012 0.009
m=1000 0.008 0.015 0.031
09 m=100 0.02 0.07 0.10
m =500 0.001 0.001 0.001
m=1000  0.001 0.01 0.02

0.07 232 1.49 1.58 0.11
017 1.68 0.61 0.71 0.69

0.01 0.10 0.04 0.18 0.17
0.27 0.29 0.35 0.50 0.58
0.003  0.027 0.001 0.005  0.007
0.017 0.006  0.001 0.021 0.017
0.18 0.21 0.24 0.26 0.31

0.001 0.01 0.01 0.01 0.01
0.04 0.05 0.05 0.07 0.07

Note: The data of forecast for H = 0.9, m = 1000 may contain some errors due to poor condi-
tioning of matrix Sy: determinant of this matrix is a decreasing function of m and H for H >

0.5. So, for m = 500, detSg g ~ 10199,

1y 3 3321 H 1~1
nﬁ;akfkei(), e<§,>.

These limit relations allow us to
cal  hypothesis T = {the investigated
is an implementation of fBm}.

The algorithm of checking is as follows (with known H)

Let's consider the increments yj, = X, — X,_1, statistics Ry, (y) =
LS k-1 I¥kl. and estimate & by formula (4).

Let’s normalize the increments and assume:

check the statisti-
time series X1, ..., Xp

A\~ 0.8
2z, = (0) 1nHJ’k = RTnyk .

We assume that the hypothesis T holds:

k k-1
Zkzskan(B<n> —B<n>) . (12)
Assume v, = Z’]f;} z;j and calculate the statistics
1 3
An=52vkzk, He(O;%);
1

1
Dn:nﬁZukzi, He(3:1).

If hypothesis T is true, then there is convergence:
3
An——-15; B,—3n; D,— 532(]) )

The decision about the hypothesis T is taken by comparing the ac-
tual values of statistics with their limiting theoretical values. Let’s
determine the deviation from the limit value § = |A; +1.5| for
statistic An; the limit distribution functions for statistics By, Djy:

Fl(x)zP{377<x}=<I>(3x—d), B(x) = 20 \/gx ~1,x>0,

where & is Laplace function, d = (2H +2)%3,
Hypothesis T is accepted, if
6<PBo,|Bnl <B1,H<05; (14)
where 81, B, are quantiles of distributions of F;, F,, corresponding
to the selected level of significance « = 0.1. Then,
B, = 495
' V2H+ 2

The rate of convergence of statistics to the limit has been tested
by numerical experiment for the first example (“ideal case”):

ze= (67" (X(k) =X (k—1)): X(t) = oBu(t)

0<Dy<pBy ,H>05,

B = 4.08 .

Table 3
Values of control statistics.
H An Bn Dn ,31
0.1 n =200 -130 0.84 334
n=1000 -132 263 3.34
02 n=200 -1.21 0.81 3.20
n=1000 -1.35 1.74 3.20
03 n=200 -2.00 037 3.07
n=1000 -1.10 0.50 3.07
04 n=200 -0.55 1.26 2.96
n=1000 -2.51 0.83 2.96
06 n=200 1.75
n = 1000 1.03
0.7 n=200 1.23
n = 1000 0.67
08 n=200 1.05
n = 1000 0.52
09 n=200 0.48
n = 1000 0.04

where the values of fractional Brownian motion were obtained by
simulation. The values of the control statistics A,, Bn, Dy are shown
in Table 3.

From Table 3, it follows that

4.95
=Ps .

V2H +2
H> 0.5,

|Ba| < H<05; 0<D,<408=pp,

and deviation §, H < 0.5, is an increasing function of H (for H =
0.4, § ~ 1).

The second example is a deterministic logistic chaotic se-
quence Xy, =4x, (1 —x), k=1,...,1049. By procedure of esti-
mation, we obtained A = 0.15. The control statistics are as follows:
Ap=0.6 >0, |By] =1.9 > B = 0.08. Hypothesis T is rejected.

The third example. Assume that the observed values are an
additive mixture of the deterministic chaotic and random se-
quences:

X = Uy + avy,

where uy, are the values of a dynamical system, v, are the values
of a random process.

Sequences {u;}, {vi} are normalized by energy, therefore
1y u2 =1y 12 =1.Then, the value a determines stochastic share
in the observed data.

In the example, uy = 4u_1 (1 —uy_q). v = 0By (%).

The stochastic sequence v is generated with Hgg, = 0.1-0.9.
Table 4 shows estimate H of mixture and values of control statis-
tics.

The table data show the “aggressiveness” of the chaotic compo-
nent in relation to stochastic for Hg, > 0.2. Inequalities (14) are
not satisfied for these values of fBm and character of the mixture
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Table 4
Control statistics of mixture (a =1, a =2, n = 2000).
H H An Bn Dn /31
0.1 a=1 0.6 -194 -0.07 -043 2.77
a= 0.1 -160 -040 -697 3.34
02 a= 015 -535 -15.3 -1095 3.26
a= 015 -3.19 -6.17 —652 3.26
03 a= 0.6 -254 -0.12 -0.56 2.77
a=2 0.2 -5.0 -9.20 477 3.19
04 a= 015 450 -7.38 -920 3.26
a= 015 -233 -1.03 475 3.26
06 a=1 0.6 -0.91 -0.01 -0.20 2.77
a=2 015 —4.0 15.8 -813 3.26
07 a=1 0.6 -1.35 -0.03 -0.30 2.77
a= 0.1 -1.08 047 —470 334
08 a= 0.6 -1.37 -0.03 -0.30 2.77
a= 0.6 -0.68 -0.01 -0.15 2.77
09 a= 0.6 -145 -0.03 -032 2.77
a= 0.6 -1.91 -0.07 -0.42 2.77

determines the logistic sequence. The deviation of statistics from
the limit values is the same as for the “pure” fractional Brownian
motion (Table 3) (for Hgg,, = 0.1).

Conclusion: Persistence (H > 0.5) of investigated time series (Dy
< B5) means it has stochastic nature; antipersistent (A = 0.1-0.2,
An ~ A, |Bn| < B1) admits the existence of the chaotic component.

4. The real data: Approximation and forecast

Construction of the model (2) for real-time series xg =0,
X1,...,Xn, X =0 is in choosing the transformation ® and checking
the adequacy of the model by criterion (14). The transformation
®-1 is defined on the vector of increments

Y=01.- V). Ye=X%—X1. J=01....90) =27 '(¥).

where y, are the increments of fractional Brownian motion. The
procedure of constructing the model is called “algorithm for ap-
proximating the time series sy =0, s1,...,Ss by fractional Brown-
ian motion,” which consists of the following:

1. Primary conversion ¥ on initial data s =0, sq,...,Ss, which
is leading new sequence xg =0, X1,...,Xn, X=0 (X = ¥ (5,)),
and calculation of the increments yj, = x;, — x,_;. In particular,
the transformation ¥ may contain a logarithm and removing
approximation of the trend (S, > 0, x, = logS, — M,).

2. Selection of operator ®~!, which is converting the increments

¥, in new sequence (J1,...,¥n):
k k-1
yv=0|B[ -—-B 15
k
and construction of the new time series u;, = Zyj.
j=1

3. Estimation of H exponent by (5), where y = {J,}.

4, Investigation of the adequacy of the proposed model or check-
ing the statistical hypothesis (15). Adequacy is checked by
methods described in Section 3, which are reduced to the cal-
culation of control statistics (13):

- 08 5
k_R1n(J7) o

and comparison of these statistics with the limit values. The
hypothesis (15) is accepted if relations (14) hold.

5. Forecast for r steps for converted time series uq, ..., u,, based
on this model:
m m i
ﬁm+j:ZZSm+j,kskluiﬂ j:l,...,r, (SA)

k=1 i=1

420 T r T T T

400 |

380 |-

360 |-

carbon dioxide

340

320G

00 200 300 400 500 60 700

300
0
Fig. 1. Concentration of carbon dioxide.

where m is the size of the learning sample, and the elements
sjx of correlation matrix S are defined by the equality (10). The
reverse transition to the forecast §,,,1, ..., $m4r of initial data is
performed by the following procedure:

5a. Calculation of the vector of increments:

V1 = lng1 — Unm,
Vy = Upy2 — Uyt

Vr = Umyr — Umegr—1.
and its conversion into a new vector:
w=®([).

W:(W1!"'1Wr)’

5b. Construction of forecast of an auxiliary time series:

J
Rpyj=Xn+» Wp j=1....T,
k=1

and initial time series

(§m+l, cees §m+r) = W_] ()?mﬂs e ,)?m+r)~

It is necessary to investigate the sequence {y,...
realization Selection 2.

In [7], the following method was proposed for constructing a
one-dimensional transformation ®-! for the sample {y;,...,yn}, n
~ 200-1000. Let’s consider the kurtosis:

,yn} for the

R2
d) = o)

R2n (y)
If d, is significantly different from % let’s replace the time series
{y1,...,yn} with the new sequence {¥,...,¥n} by the following
formula:

~ 1 ~
Jie=sgnyilyel™ . yie=sgldil*, A>0, (16)

where parameter A is defined from the following equation:
g LI0E) 0, R 2
S VET(A+3)] S Ra(y) w

Thus, the proposed approximation leads to the following model
of original time series:

k
Xe= ) sgny; |J7j

j=1

| A

Let’s consider two examples of real data:

1. Carbon dioxide (http://climate.nasa.gov/vital-signs/
carbon-dioxide/) from 1.03.1958 to 1.06.2016, 693 data points
(Fig. 1).
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Fig. 2. The prices of soybean oil, ($/mt).
Table 5
Characteristics of real data.
Example  Log Mean trend  d(y) A A An Bn Dy B
carbon 0.0037 074 075 075 26 -53 1.0 2.66
Huile 0.022 050 137 065 004 014 0.01 272
Table 6 References
Values of forecast error &,,.
m k=1 k=2 k=3 k=4 [1] Achard S, Coeurjolly J-F. Discrete variations of the fractional Brownian in the
presence of outliers and an additive noise. Stat Surv (IMS) 2009;4:117-47.
200  Carbon dioxide  0.003 0.004 0.002 0.003 [2] Alos E, Mazet O, Nualart D. Stochastic calculus with respect to fractional Brow-
Huile 0.09 0.07 0.09 0.09 nian motion with Hurst parameter. Stoch Process Their Appl 2000;86:121-39.
400 Carbon dioxide  0.0006  0.002 0.005 0.005 [3] Beran J. Statistics for long-memory processes/ Beran J.. Chapman and Hall;
Huile 0.009 0012 009 004 1995.p. 315. ] ) o ) )
600  Carbon dioxide  0.001 0006  0.01 0.01 [4] Bezborodov V., Mishura Y., Persio L.D.. Option pricing with fractional stochastic
Huile 0.02 0.04 0.04 0.06 volatility and discontinuous payoff function of polynomial growth. 2016. ArXiv:

2. The prices of soybean oil (LAMETA, Department of Economics,
University of Montpellier) from 01.01.1960 to 01.09.2011, 610
data points. (Fig. 1)

The initial algorithm of transformation ¥ is as follows: the val-
ues logs, are divided into time windows (a linear approximation
of the trend is constructed in every window).

The initial research on stationary increments consists in calcu-
lating the correlation coefficient p; for three time windows by the
following formula:

L 2 YiYin
Phh=—57""-
2Y5
For the first example: p; = 0.24-0.25. For the second example:
Py = 0.63-0.65.

The increments form a stationary sequence, since the values of
p1 don’t depend on the number of the window.

The results of calculation are shown in the Table 5.

The forecast of real data was performed for the size of learning
sample r =4, m = 200; 400; 600. The transition to the forecast of
initial data is determined by the following formula:

Simsj = eXP{Rmsj+ Misj} -
Values of forecast error are shown in Table 6.
Table 6 confirms the satisfactory quality of forecast.

Conclusions

The proposed model of real time series with fractional Brown-
ian motion as a basic process is effective, if the increments of the
observed data have the property of stationarity. Considered exam-
ples of physical and financial nature allow an approximation by a
persistent process, which is confirmed by checking the adequacy
of model. Constructed short-term forecast is satisfactory.
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